Introduction.
Let i be a commutative ring, and a\, ■ ■ • , a" some of its elements. Suppose we want to enlarge A to a ring B so as to be sure of having at least one solution of and reducing modulo the principal ideal J of 1.1) solves this problem. In this paper, we investigate the role of this process in topological rings.
We study the problem of obtaining a normed linear algebra extension B containing a solution of 1.1, where A is a given normed linear algebra. Our method is to define a norm first in the polynomial algebra A [x] , and to do it in such a way that / is closed (for otherwise the canonical norm in
B = A[x]/J
is not available) and that the imbedding of A in 1.2 is an isometry. If A is complete (i.e., a Banach algebra), B is likewise. It will occur to some readers to ask if B is semi-simple if A is. The proper question is really this: if the intersection of the closed maximal ideals (we presuppose a unit in A) is (0), is the same true for B? The answer is in some cases, "no," but in those cases the discriminant of 1.1 is a zero divisor. But in any event, another ideal (perhaps (0)) can be divided out of B leaving an algebra satisfying this requirement, as well as the others.
It seems difficult to treat all these questions (mainly the last one) when the leading coefficient of the polynomial has no inverse.
2. Commutativity assumed. In what follows, A will stand for a linear algebra over the complex numbers C, with a norm with the usual properties, in particular \\xy\\ è\\x\\\\y\\.
This much is usually called a normed linear algebra (and if also complete in the norm, a Banach algebra).
In order to save space, we shall use the shorter phrase, "normed algebra," to mean even more: namely, a commutative normed linear algebra with unit element.
By an isometric extension B of A we mean a normed algebra with a subalgebra B0 which is algebraically isomorphic and norm-isometric with A. No matter what t is, the subalgebra of "constant" polynomials is isometric and isomorphic to A. Now we pass to the quotient algebra 3.3, using the canonical norm in the latter. Our concern is to choose {in such a way that the canonical homomorphism
shall be isometric as applied to the constant polynomials. The following is essentially our solution to this problem (see also 3.6 below). Proof. It is no real loss of generality to suppose that t = 1 : The d stand alone in the terms of the second type because a" = l. For visual ease, we shall, in the next few lines, denote the norm of am, bm, cm by capital letters of the same type and with the same subscript. By the norm properties of normed algebras, we get to be solved in the extension, the coefficient a" has an inverse, then the equation can be immediately replaced by one in which this coefficient is 1. For this, a t satisfying 3.51 can be found. The following sums up the results.
3.6. Theorem. Let the leading coefficient an of a(x) have an inverse. Then a norm of type 3.4 can be found for A [x] such that the algebra B (see 3.3) (in which a(x) has a root) is an isometric extension of A, and is complete when A is complete.
4. Maximal ideals. In a topological ring, the closed ideals are of greater interest than the others. Our attention is presently brought to the class of closed regular maximal right (or left) ideals, and to the intersection of that class (which when the word "closed" is omitted, is called the radical by Jacobson [2] ). This closed ideal contains Jacobson's radical, and may be large even when the latter is trivial. Perhaps it might be called the refractory ideal. In any case, we need an adjective signifying that it reduces to (0) for a given ring. Rather than "topologically semi-simple," we shall use "tractable." A tractable topological ring is therefore semisimple, but not conversely.
A normed algebra A satisfying the conditions of §2 is (therefore) tractable if the intersection of all closed maximal ideals is merely (0). Indeed, for any (h, X) from the right side of 4.11, and any X(x) (see 3.2), we can define a member of the left side by setting (h, X)(7(*)) = Kco) + \h(ci) + ■■■ + \>h(c,) = &(7(X)).
Theorem. // A [x] has norm 3.52 and 3.511 holds, then H(B) is that part of H(A [x]) on which 4.21
(A, X)(a(x)) = 0.
This proposition follows from the fact that the ideal generated by a(x) is closed.
As the discriminant of a polynomial a(x) in an indeterminate x with coefficients in a commutative ring we can take the resultant of a(x) and a'(x), removing therefrom the leading coefficient which is formally a factor of every term, to agree with classical usage (cf. and Xn=-h(a0). But, for any h in H(A), h(a)h(a0) =0. Hence, (h,X)(ax) =0. Therefore, B is not tractable.
In the event that B is not tractable (when A is), we can still determine (for certain a(x)) a tractable isometric extension of A in which a(x)=0 has a root.
We introduce the following notation. Certainly M(a) ^||a|| ; whereas, 4.56 yields the reverse inequality. Therefore, M(a) =||a||. This completes the proof of 4.5.
Since the conditions imposed on t can easily be fulfilled in any
